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1. INTRODUCTION 
Recently 2. Janko indicated that if a simple group G had a certain 
centralizer for an involution in the center of a 2-Sylow subgroup and if 
G had two conjugate classes of involutions, its order would be 604,800 and 
its character table would be as he described. 
The existence and uniqueness of a simple group of order 604,800 is proved 
here independently. Under the assumption of the existence of a simple 
group G of order 604,800, its character table is found. This work is given 
in Sections 2-14 inclusive. In Section 15 it is shown that G must necessarily 
contain a subgroup of order 6048. In Sections 16 and 17 the permutation 
representation of G on the 100 cosets of H is found, and this representation is 
shown to be unique. It is also shown that this group is simple. The correctness 
of the permutation representation was verified with the help of Peter 
Swinnerton-Dyer on the Titan computer at Cambridge University. Thus 
the existence and uniqueness of G is established. 
In Section 18 Janko’s characterization of G is shown to hold. Section 19 
gives the outer automorphism of G of order 2, fills in the irrational part of 
the character table and shows that G has subgroups of indices 100, 280, 315, 
and no other subgroups of smaller indices. 
We use standard notation regarding centralizers and normalizers of 
elements and subgroups. Thus C(H) and N(H) are the centralizers and 
normalizers of subsets H. Also C,(H) and N,(H) are the centralizers and 
normalizers of H in K. Also C(H) n H is denoted as Z(H). The group 
generated by a set S is written (S). If L’ is an element in G, C(n) and N(17) 
mean C((n)) and N((L’)). If S is a subset 1 S 1 denotes the cardinality of S. 
Wesetg= /GI =604,800. 
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2. THE PRINCIPAL ~-BLOCK B,(7) 
In this section we show that the principal 7-block has the degree equation 
1 + 36 + 288 + 225 = 90 + 160 + 300 and a 7-element is self-centralizing. 
Use has been made of an IBM 7094 in determining certain degree equations 
for B,(7). A description of the technique may be found in [S]. 
Let a be of order 7 in G. Set 1 N(a) 1 = 7 * q * w where q = 1 N(a)/C(a)[. 
We know q = 2,3, or 6. Let C(a) = V x (a) where j V 1 = w. The 
number N of 7-Sylow groups cannot be 8, 15, or 64 by [4], as G is simple 
and not PSL(2,7) or PSL(2, 8). The possible numbers N are 36, 50, 120, 
225,288,400,540,960,1800,3200,4320, and 14400. We consider each in 
turn by considering the possible degree equations. The degree equations 
were found using the computer. 
There were no possible degree equations for N = 36 or 50. 
For N = 120 there are three solutions: 1 + 15 = 16, 1 + 36 + 36 + 15 = 
48 + 20 + 20, and 1 + 120 + 15 = 20 + 20 + 48 + 48. Let x be the 
rational character of degree 15. By [I], x I P = 1 + 78 where 6’ is a character 
of degree 2. Here 0 must be rational. As I V I = 8 * 9 * 5 in the first case, 
and 8 * 3 * 5 in the second, this is impossible by Schur’s theorem [II]. 
For N = 225 there is one solution; 1 + 50 + 15 + 15 = 27 + 27 + 27. 
Here 5 f  1 V / and so this case can be eliminated by the block separation of 
B,(7) and the 5-blocks containing the characters of degree 15 (See [5j or [8]). 
I f  N = 288, the only solution is 1 + 64 + 64 = 48 + 27 + 27 + 27. 
Here 5211 Y I. I f  x is the character with degree 48 x 1 V = 6 + 7 * 0. We see 0 
has degree 6 and is rational. This is impossible by Schur’s theorem [II]. 
Suppose N = 400. The solutions of the degree equation are 1 + 15 = 16, 
1 + 50 + 15 + 15 + 15 = 48 +48,1 + 120 + 120 + 15 = 48 f48 + 160, 
1+400+15=48+48+160+160,and1+400+15=300+48+ 
48 + 20. Here 5 7 I V /. These cases can all be eliminated by 5-block 
separation, ([5J or [S]). 
There were no possible degree equations if N = 540. 
If  N = 960, 1 N(a)1 = 7 . 5 - 9 * 2. A subgroup X of order 5 in N(a) is 
normal in N(a) as N(u) has a subgroup of order 90 in which X must be 
normal. Set H = No(X). The number of 7-Sylow groups in His 1 H : N(a)l. 
This number is congruent to l(mod 7) by Sylow’s theorem and congruent to 
O(mod 5) as 52] I H I. Also 1 H : N(a)1 divides 960 = 1 G : N(u)l. Certainly 
H f  G. The only possible factorizations of 960 in which one factor is 
congruent to l(mod 7) and congruent to O(mod 5) are 960 = 120 * 8 = 15 * 64. 
It is shown in [7] that no group can have 15 7-Sylow groups. If  there are 120, 
we obtain 1 G : H ) = 8. As g { 8! this is impossible. 
If  N = 1800, we see 5 { [ V j. After applying 5-block separation the only 
solutions are 1 + 50 = 24 + 27, 1 + 225 + 50 + 36 + 36 = 40 + 300. 
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In the second case 4 = 3 a2 and so 3 T 1 V I. This case can be eliminated by 
3-block separation. In the first case / I’ 1 = 24. If  x is the character of degree 24, 
x / V = 3 + 70 where 6’ is rational of degree 3. As the representation of x is 
unimodular, the same is true of the representation of 0. As all elements of V 
are 2-elements 0 takes the values 3, 1, -1, -3. The case -3 is excluded by 
the unimodularity and the case 3 is excluded as x or even B is faithful. 
By the Schur argument 1 I’ 1 divides (3 - I)(3 + 2) = 8, a contradiction. 
In the case N = 3200 there are no possible degree equations which 
cannot be excluded by 5-block separation. 
If  N = 4320, the only solution is 1 + 15 = 16. This can be eliminated 
using the rational character of degree 15 restricted to V. 
The final case is N = 14400. The only case with q = 2 or 3 not eliminated 
by 5-blockseparationis 1 + 50 = 24 + 27. Here / V I = 2. Let Tgenerate Y. 
Clearly T is in the center of N(a). Let x be the character of degree 27. We have 
x j V = 6 + 70 where 6’ has degree 3. Here e,(T) = --I by the unimodularity 
and so X(T) = -1. As C(a) z (T) x (a) and / N(a)/ = 7 * 3 * 2, we know 
3/l C(T)/. This means 3 1 X(T) as x is of full 3-defect. This is impossible. 
The final case is N = 14400, w = 1. Most of the degree equations are 
eliminated by 5-block, 3-block, or 2-block separation. We use the fact that 
a character of degree 8 belongs to a 2-block of defect at most 6, [.5]. Also a 
character of degree 64 is of 2-defect 1 and so such characters appear in 
pairs, [I]. Characters for which the tree did not exist were eliminated by hand. 
The possible degree equations follow. 
1. 1 +64+64=48+27+27+27 
2. 1 + 36 + 288 + 15 = 20 + 20 + 300 
3. 1 + 50 + 288 + 36 = 27 + 48 + 300 
4. 1 + 36 + 288 + 225 = 90 + 160 + 300 
5. 1 + 288 + 225 + 50 = 48 + 216 + 300 
6. 1 + 225 + 8 + 120 + 120 = 90 + 384. 
Let 7 be an involution which normalizes a. We compute the value of the 
integers 
The characters & , i = 0, l,..., 6 are characters in B,(7), the principal 7-block. 
We know ~(7, 7, a) = 7. (See [3] or [S]). The computer computed the 
possible values I&(T), i = 0, I,..., 6 for each of the cases l-6. It was impossible 
to satisfy this relation with acceptable values &(T), I C(T)~ in each case 
except 4 and 5. 
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In the case 5 there are two possible values for 1 C(T)~. These are 288 and 384. 
In the case / C(T)\ = 288 there must be another involution (T such that 
128 / / C(a)l. In this case c(u, 7, a) = ~(a, u, a) = 0. (See [-?I or [S]). There 
were no possible solutions to this. 
Consider the case 1 C(T)] = 384. Let x be a 5-element. The computer has 
given the following table. 
e a 7 x 
1 1 1 1 
48 -1 0 
;: 216 50 -1 1 0 6 0 
2 288 25 1 -3 0 0 
4% 300 -1 4 0 
The characters #Z , #a , and #s are of full 5-defect and so the character is 0 on x. 
Weseec(x,T,u)=(128.27.25.7/1C(x)llC(?)))(l).ThisshowsIC(x)ll9.25. 
This means / C(x)1 = 25, 75, or 225 and so classes contain 24192, 8064, or 
2688 elements. We will show there are 126 5-Sylow groups having trivial 
intersections. This leaves 3024 5-elements. It is impossible to obtain this 
number of 5-elements as sums of the conjugate classes described above. 
Suppose there is a nontrivial 5-Sylow intersection group. Let e f  x EQ~ n Q2 
where Qr and Q2 are 5-Sylow groups, Qr f  QZ . Let H = (Q1 , Q2) be the 
group generated by Qr and Qa . Suppose there are 1 + 5t 5-Sylow groups in H. 
We know x is in the center of H and so j H I [ 52 * 9. We must have 1 + 5t I 9, 
an impossibility. The 5-Sylow groups have only trivial intersection groups 
and so their number is of the form 1 + 25k. The only possibilities are 126 
and 576 = 32 . 26. In the case 576, / N(P,)l = 52 . 3 . 7. Here P5 is a 5-Sylow 
group of G. An element of order 7 which normalizes P, must centralize P5 . 
This follows easily if Ps is cyclic and from the structure of GL(2, 5) in the 
case that P5 is elementary. In each case there is no element of order 7 in 
N(PJC(P,). We have shown there are 126 5-Sylowgroups and so we have 
eliminated this case. 
We have only the case 4 left, which we now show leads to G. Here 
I N(a)1 = 6, / C(a)1 = 7. We label the characters I+$+~ ; &,(e) = 1, #i(e) = 36, 
ti2(e) = 90, y&(e) = 160, $4(e) = 225, #5(e) = 288, #6(e) = 300. 
3. A CYCLIC S-DEFECT GROUP 
In B,(7) there are two characters of 5-defect 1, #2 and #a . Let #2 be in 
the 5-block B,(5). Both #r and z+& must be in the same 5-block by block 
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separation in B,(7) r\ B(5), see [5l or [S]. The defect group is cyclic of order 5. 
Let .U be a generator. We will apply the theory of cyclic defect groups given in 
[I] or [6]. There is only one character #a of degree 90 and one character $s of 
degree 160 and so both are nonexceptional. 
Let C(n) be the centralizer of II. Let v be a 5-regular element in C(n). 
The theory of cyclic defect groups gives signs ci = &l for i = 1,2 such 
that &(17v) = E&V). Here 0 is a sum of characters of C(n) each containing 
17 in the kernel. Each character is of defect 0 when considered as a character 
on C(n)/(n). The constituents are conjugate in N(n). Also $,(n’v) = 0 
if ZI E C(n’), II’ a 5-element not conjugate to an element in (17) - e. 
Let P5 be a 5-Sylow group of G containing II. We have 
oz h(u) = deg loll + (deg 0) cir (3.1) 
5 
where r is the total number of G conjugates of elements of (n) - e contained 
in P5 . Let deg #i = 5z& , deg 0 = 58’. As 52 devides the left hand side of 
(3.1) we have 
l& + Eid’ s 0 (mod 5). (3.2) 
Here I& = -2 (mod 5), I& = 2 (mod 5). It follows that Ed = -es. 
We try to determine the values of &(n) and z&(F). There may be no 
elements n’. 
e a 17 17 
1 
36 
9% 90 
$1 
160 
225 
288 
300 
1 1 1 
1 1 + 5t 1 + 5t 
-1 I&58 0 
-1 558 0 
1 
1 -(2O+ 5t) 42”+ 5t) 
-1 0 0 
We compute the values c(n, II, u) and c(17’, 17’, a). If X, y E G, let 
C(X) = 1 C(x)l, c(y) = 1 C( y)l. The value c(x, y, a) is given by c(x, y, u) = 
g/l C(X) I I C(Y)I XL ~i(~)~i(y)~i(u>/h(e). We obtain 
~(17, n, u) = 7 * 5’ - 33 * 2’/(~(17))~[ 1 + (1 + 5t)2/36 
- (50’)z/90 - (5Q2/160 + (2 + 5t)2/288]. 
The value c(17’, n’, u) is the same with 0’ = 0 and c(n) replaced by c(n’). 
Let c(n) or c(n’) be 52 * r. We get c(n, n, u) or c(I7’, IT’, u) equal to 
7 * 3 * 22/r2[12 + 4t + 9t2 - 5(Q’)2]. There are only three possible values 
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for which c(n) or c(n’) is not less than the sum of the squares of the 
values &(a) or tii(n’). Th ese are given in the following table. 
e 
1 
36 
$1 160 9  
;: 225 88
$6 300 
a n II rr; 
1 1 1 1 
1 -4 1 -4 
-1 *5 0 0 
-1 t5 0 0 
1 0 0 0 
1 3 -2 3 
-1 0 0 0 
We also obtain c(n)/ 300, c(n) 300, c(ni)/ 50. 
If there were no 5-element 17* with &(n*) = I, the sum x:ooP, t/r(o) 
would be (24)( -4) + 36 < 0, a contradiction. There is therefore a 5-element 
n’ not conjugate to J7. Also we see from (3.2) that r = f2 (mod 5) as 0’ = 1. 
In particular, r f 4 and so there are conjugates of I7 not in (17). This means 
that Ps is not cyclic. In particular, then, using Grim’s theorem [9] we get 
C(n) = (n) X V for a suitable subgroup V of C(17). Here Grun’s theorem 
is used to show there is a normal subgroup of index 5 in C(U) which does 
not contain 17. 
We know that V has a character 0 of degree 5 and so 1 V ( > 25. As 
1 V ] I60 we have / V / = 30 or 60. As (n) is a defect group, it is the inter- 
section of two 5-Sylow groups [IO] each of which must be in C(n). This 
means V has more than one 5-Sylow group. It must have six 5-Sylow groups. 
There is no group of order 30 containing six 5-Sylow groups. This means 
I V / = 60. 
If V is not solvable, it is certainly A, . If it is solvable, there is a normal 
subgroup of index 2, 3, or 5. If there is a normal subgroup of index 2 or 3, 
it must have six 5-Sylow groups, which is impossible. If there is a normal 
subgroup H of index 5, H must have order 12. A 5-element of V can only 
centralize such a group and so there cannot be six 5-Sylow groups. We see 
C(H) gg (H) x A,. 
In A, there are two classes of 5-regular elements, one of order 2, the other 
of order 3. Let these be J1 and T. There is one character 0 of degree 5, 
O(J1) = 1, B(T) = -1. We have 
e a II UJl IIT Irl 
90 -1 It5 It1 Ffl 0 
160 -1 F5 il ItI 0 
Let j C(n’)/ = 52 . r. We compute 
~(17, n’, n) = (7 + 52 . 35 . 27/52 - 3 - 22 . 52 - r)[l - 4/36 - 6/288] 
= (7 - 32 . 25/r)(5/32 * 24). 
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This shows r ] 2 and so c(F) = 52 or 52 * 2. We also have ~(17;) = 52 or 52 * 2. 
If 17* + l7, n a 5-element, we have 1 C(n*)j = 25 or 50. 
It also follows from these results that there are no 5-regular elements in G, 
except e, which centralize a whole 5-Sylow group. This is because there are 
none in (n) x A, . This implies there is only one 5-block of full defect, [4, 
which must be the principal 5-block B,(5). Also, there are no more 5-blocks 
of defect one because n is the defect group for exactly one 5-block, [2], and 
5-elements fl* + 17 cannot be the defect group for any 5-block as 
I c(~*)w*>I d 10. 
4. THE CYCLIC ~-BLOCKS INTERSECTING B,(7) 
The characters #1 , #2 , &, and #s all belong to 3-blocks of defect 1. 
Let B,(3) be the 3-block containing lc12 . As there is only one character of 
degree 90, #2 is nonexceptional. Let T1 be a generator of the defect group of 
B,(3). If v is a 3-regular element in C(T,), the theory of cyclic defect groups 
gives #2( T,v) = +3(v) where here 0 is a sum of characters of C( Ti) with T1 
in the kernel. Each constituent is conjugate in N( T1) and has defect 0 when 
considered as a character on C( TJ(T&. If T2 is a 3-element with T, + Tl 
and v E C( T,), we have &( T,v) = 0. We know #a( Tl?) f 0 and so T - Tl . 
We will therefore pick Tl to be T. The defect group is then (T). 
If #4 of degree 225 is in B,(3), we have #4( TII) = -J&J TY7) f 0. However 
1,4~ is of zero 5-defect and so #4( Tl7) = 0. By block separation there are two 
characters in B,(7) n B,(3) an one further in B,(3) of full 7-defect. The d 
possibilities for the degrees are {36,90, 126) and {90,288,9 * 22). The second 
is clearly impossible. Let I,& be the third character in B,(3) of degree 126. 
There is one further cyclic 3-block intersecting B,(7). The degrees in B,,(7) 
are 225 and 288. The third degree must be 63. Let I& be the third character 
of degree 63. Denote this 3-block by B,(3). Let (Tl) be the defect group 
of B,(3). We have &#7T) = ft,b#7T). As $4 is of zero 5-defect, the value is 0. 
The value &(17T) = 0 and #,(17T) = Tl. Orthogonality of the lIT 
column with the column of a gives &(nT) = qb2(17T) = -1. This also 
fixes the ambiguity of signs f to give the following table. 
The values for I+& and #s are obtained from the block orthogonality relations. 
5. THE GROUP C(T) 
We consider the group C(T). Let c(T) = 3” - 5b - 2d. We know 5 1 c(T) 
as Ii’ E C(T). Also 52 7 c(T) by Section 3 and so b = 1, c(T) = 5 .3@ - 2d. 
We also have a = 2 or 3. We will show that C(T)/(T) z A, . 
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a 17 nJ1 LIT 
1 
36 
*z 90 
$1 225 160 
;: 288 300
63 
126 
1 1 
1 -4 
-1 5 
-1 -5 
1 0 
1 3 
-1 0 
0 3 
0 1 
1 1 
- -1 
1 -1 
-1 1 
0 0 
- 0 
0 0 
- 0 
- 1 
n1 
1 
1 
0 
0 
0 
-2 
0 
-2 
1 
I f  z, E C(T), TJ 3-regular, $a( TV) = &0(n) where 0 is a sum of characters 
conjugate in N( 7’). The element A’ E C(T) and I,&( 777) = - 1. This means, 
in particular, that the constituents of 0 are of full .5-defect as B(n) = fl. 
Let C*(T) = C(T)/(T). Let 0* be the character 6’ considered as a character 
on C*(T). Let U* be the image of elements U of C(T) in C*(T). 
I f  C*(T) had elements of order two or three centralizing 1T* they would 
centralize n in C(T). This would imply in C(D) there were elements of 
order 2, or 3, which centralized T and were not in (T). This is false in 
(n) x A, . We see C*(T) has no elements of order 10 or 15. This means 
there is only one 5-block of full defect in C*(T), b,(5). The constituents of 19* 
are in b,(5) and are of 3-defect 0. 
There are three cases (i), (ii), (iii) given by 1 N(n*)/(n*)i = 1,2, or 4. 
(i) 1 N(n*)/(n*)I = 1. H ere b,(5) contains five linear characters. 
They are not of 3-defect 0 and this case is impossible. 
(ii) 1 N(lir*)/(I7*)1 = 2. H ere b,(5) contains four characters, two 
exceptional. There must be two characters of odd degree and we have the 
following possibilities for the degree equation of b,(5) : 1 + 1 = 2, 1 + 3 = 4, 
1 + 8 = 9. In the first case there is no character of 3-defect 0. In the second 
case, / C*(T)1 = 5 -3 . 22; in the third, I C*(T)/ = 5 * 32 * 23. In the case 
1 C*(T)/ = 5 .3 . 22, C*(T) G A, as there are no linear characters, and so 
C*(T) is not solvable. In the case I C*( T)j = 5 . 32 * 23, C*(T) is again not 
solvable and there are no elements of order 10 or 15 and so C*(T) G A, . 
(iii) I N(D*)/(n*)I = 4. Here b,(5) contains five characters. The 
degrees are congruent to *l (mod 5). There are either 1,2, or 4 linear 
characters. If  4, we have 1 + 1 + 1 + 1 = 4 and no character is of 3-defect 0. 
I f  two linear characters, we find 1 + 1 + 16 = 9 + 9 and 1 + 1 + 6 = 4 + 4 
are the only solutions, as a quick check shows. We can see in the first case 
C*(T)’ E A,, and in the second C*(T)’ z A, by using arguments as above. 
If  there is only one linear character, an odd degree must appear which can 
only be 9. Some power of 2 must also appear. This can only be 4, 16, or 64. 
If64appears,c(T) = 5*33*260r5*3 3 * 2’. There is a permutation represen- 
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tation of G on the cosets of C(T) of order 7 . 5 or 7 * 5 * 2. It must contain 
$,, plus a character & such that #,(a) = - 1. This is impossible. 
If  4 occurs as a degree and there are no more degrees = -1 (mod 5), 
we have 
1+6+6=9+4. 
In this case the characters of degree 6 are not in the principle 3-block 
and 3-block separation eliminates this case. If  there are further degrees 
on the right, at least two are equal, giving 1 + 16 = 9 + 4 + 4 or 
1 + 21 = 9 + 9 + 4. The first case is impossible by 2-block separation on 
the characters of degree 4, the second because 21 f  j C*( T)(. 
In the remaining cases 16 is the only power of two occurring in the degree 
equation. This means 16 occurs twice, giving 1 + 16 + 16 = 24 + 9. This 
is impossible by 3-block separation on the character of degree 24. 
We have four cases: 
(a) 1 + 3 = 4 c(T) = 5 .32 ‘22 44T) = zt3, 56 
(b) 1+6+1=4+4 c(T) = 5~3~.2~ A(T) = 1t6 
(c) 1 + 8 = 9 c(T) = 5 -33.23 #2(T) = lrt9 
(d) 1+16+1=9+9 c(T)-5.33’24 #,(T) = &9 or f18. 
In order that a sum of conjugate characters of 3-defect 0 be -1 on II we 
must have the values lClz(Z’) = &6 in cases (a) and (b), z+&(T) = 19 in (d). 
Also, the two characters of degree 9 in (d) are not conjugate in N(T)/(T). 
This follows from consulting character tables for A, and A, . This means 
also that (T) is not the defect group for B,(3) as if it were, #4(TII) f 0. 
We compute c(T, T, a). Let #3(T) = 1 + 3t. 
e a T 
(a) (b) Cc) (4 
1 1 1 1 1 1 
36 1 xt6 1t6 *9 19 
160 9 -1  1 16 + 3t 1 1k6 + 3t 1 zt9 + 3t 1 f9 + 3t 
300 -1 -3t -3t -3t -3t 
Cases (a) and (b). 
c(T, T, a) = (7 . 52 . 33 * 27/52 . 34 . 24,6)(1 + 36/36 - 36/90 
- (1 + 3t)2/160 9t2/300) - 
= (7/3 . 22,4 - 52)[1275 - 30t - 69t2]. 
Clearly t = 0 (mod 5) and t = 1 (mod 2). 
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The smallest value is t = f5. This gives values for #s(T) of f15, 
#3(T) = 514 or f16. However 
(1 5)2 + ( 14)2 > 5 * 32 * 23, giving a contradiction. 
Cases (c) and (d). 
c(T, T, a) = (7 . 52 . 33 . 27/52 . 36 .2”**)(1 + 81/36 - 81/90 
- (1 + 3t)2/160 - 3t2/100) 
= 7/3224,s - 52(625 - lot - 23t2). 
Clearly t = 0 (mod 5), t E 1 (mod 2), t = 2 (mod 3). The only solution 
such that C [ z,hi(T)12 is small enough, is t = 5. This gives 
c(T, T, a) = 0, #3(T) = 16 q&(T) = -15. 
We now have the following table. 
44 g I 52.3.4 5.4 5.3 
$: 3: 1 -: -! -1 1 1 9 1 1 1 
z: 160 9  -1 -5 5 -1 1 -1 1 0 16 9 - 1 - 1 
z: 225 88 1 0 3 - 0 0 -2 0 0 0 0 
$: 300 63 -i 0 3 - 0 0 -2 0 -15 0 - 0 - 0 
(18 126 0 1 - 1 1 -9 -1 -1 
Here R2 = J, (J2 = e are the conjugate classes of 2-elements in A, . 
The value &(T) = +9 is obtained from the character table of A, using the 
fact that #r( T17) = - 1. 
6. ELIMINATION OF THE CASE 1 C(T)1 = 5 . 33 * 24 
We consider case (d) above. Let P3 be a 3-Sylow group of G containing T 
in the center. In A, the normalizer of a 3-Sylow group has order 36. 
In C(T)/(T) then, the normalizer of a 3-Sylow group has order 3” * 8. 
In C(T) it has order 33 * 8 and in N(T) the normalizer of a 3-Sylow group it 
must be 33 * 24. If N(P,) 6 N(T) we have / N(P,)j = 33 * 24. The index 
in G is then 7 * 52 * 23 = -1 (mod 3) contradicting Sylow’s theorem. This 
means N(P,) 4 N(T). In particular, Z(P,) # (T) where Z(P,) is the 
center of P3. We see P3 is Abelian and T is conjugate in G to an element Tl 
in P3, Tl $ CT>. 
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We can use Grtin’s theorem to see C(T) = (T) x V. The irreducible 
characters of C(T) of full 5-defect have degrees 1,9, or 16. Consider #r 1 C(T). 
As 4dW = -4,h I C(T) must be a sum of four characters of degree 9. 
Let #r / C(T) = xt=!=, rli . We know +hl(T) = 0 and so two of the Q have T 
in their kernel; the other two represent T faithfully. Let Q(T) = Q(T) = 9, 
Q(T) = r14( T) = 9eani13. If  Tl E P3 , Tl $ (T), #i(T) = 0. This means that 
Tl is not conjugate to T in G. This contradicts the results of the above 
paragraph and shows the case (d) cannot occur. We see then 1 C( T)I = 5 . 33 * 23, 
C(T)/(T) GX 4 . 
We can now determine #r(J) and #r(R). I f  P3 is Abelian, P3 a 3-Sylow 
group of G, the characters of full 5-defect have degrees 1, 8 or 9. I f  Pa is not 
Abelian, the characters of full 5-defect with Tin the kernel have degrees 1,8,9. 
The characters of C(T) of full 5-defect representing T faithfully have degrees 
divisible by 3. This is because here C(T)’ = C(T) and so characters repre- 
senting T faithfully can only be unimodular if the degree is divisible by 3. 
In any case, an irreducible character or a sum of exceptional irreducible 
characters is f  on n. As &(n) = -4 and #i(e) = 36, #r I C(T) must 
contain four irreducible characters of degree 9. As &(T) = 9, two of them 
are faithful on T, the other two are not. I f  B is the faithful character of 
degree 9, 0(J) = 1 = 0(R). As &(TR) = gL,(TJ) = 1 we must have 
?w) = Icrdl) = 4. 
This also shows that for any element T* in P3 other than T, T2, or e, 
$l(T*) = 0. This means T is only fused to T2 in Ps . In particular, any 
3-Sylow group containing T contains T in its center. 
7. THE GROUP C(T,) 
We now try to determine the values of &(TJ where (Tl) is the defect 
group of B,(3). At the same time we find C( TJ. For this section let C( TJ = C, 
WXT,) = C*. 
Let 
I c* / = 5” * 3b * 2d. 
We have b = 1,2. As T is in the center of a 3-Sylow group, we can pick Tl 
so that T E C. 
Suppose a > 1. Let 17, be a 5-element centralizing Tl . This means 
3 j j C(D,)l and so 17, - 17. In turn this shows Tl N T. It was shown in 
Section 5 that this was not the case. We see a = 0. 
Suppose b = 2. This means 33 I I C I. Let &(Tl) = 1 + 3t, #&TJ = -3t. 
As1~,isinB,(3)byblockseparationonB,(7)nB,(3),wehave-3t/300- l(mod3). 
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This means t = 2 (mod 3). Computing c(T, , T, a) we obtain 
c( Tl , T, u) E (7 * 22/2d .3)(2 - t). 
Also 
c(T, , Tl, u) = (7 . 22/32 . 22d)(265 - 10t - 23t2 + 171e2) 
where &(Tl) = &90. There are no possible solutions with the sum of 
(#i(T))2 not greater than 33 . 2d. This h s ows b = 1. Of course, this also 
means P3 is non-Abelian. 
A 3-Sylow group of C is therefore elementary Abelian of order 9 generated 
by T and Tl . If there were an involution T in C whose image in C* commuted 
with the image of Tin C*, then 7 would commute with T. This would imply 
C(T)/(T) E A, had an element of order 6, which is false. This means C* 
has one 3-block of full defect, b,(3). 
The degree equation for b,(3) can only be 1 = I or 1 + 1 = 2. In the 
second case, / C* 1 = 3 * 2 by 2-block separation. However such a group has 
no character of full 3-defect and so (TJ cannot be the defect group. The 
degree equation is therefore 1 = 1. There is a normal 3-complement H*. 
Here H* Q C*, ( H* ( = 2d, / C*/H* ( = 3. 
The Cartan matrix corresponding to b,(3) is (3) and so the Cartan matrix 
of C corresponding to the principal 3-block is (9). (See [3]). The decom- 
position numbers di , i = 1, 2 ,..., 1 for the characters in the principal 3-block 
B,(3) of G satisfy Cf=i 1 di, I2 = 9, I++~( T,v) = di , where v E C( T,), z, 3-regular. 
(See [3]). 
The characters #s , #3 , z,$ are all in B,(3) by block separation on 
B,(7) n B,(3). Clearly 2crg( Tl) = 0, and qb3(Tlv) = 1. Computing c( T1 , T, a) 
gives 
c(T, , T, a) = (7 * 52 ’ 33 . 27/33 . 23 . 5 . 32 .2&)(1 - 16/160) 
= (7 * 52 * 24/32 * 2d)(9/10). 
This gives d < 3. There are 2d 3-Sylow groups and so d = 2. We see 
j C(T,)I = 32 * 22. Let J2 be an involution in C(T,). As there are no elements 
of order 6 in C*, H must be elementary Abelian of order 4. The involutions 
are permuted cyclically by T. 
The characters of C* have degrees 1, 1, 1,3. If 0 has degree 3, 0(J2) = -1. 
We see 9b(TlJ2) = Fl, $4(Tl) = 43. 
8. COMPLETION OF THE ~-BLOCK B,(5) 
We can now show that B,(5) contains four characters with degrees 
(90, 160, 70, 70). Indeed, this will follow if we can show 1 N(n)/C(n)j = 2 
by using the theory of blocks with cyclic defect group, ([I] or [6]). 
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We know C(17) = (II) x V where V g A,. We have picked T so that 
T E V. Clearly N(n) C N(V). Suppose S E N(17). We know S has order 1,2, 
or 4 over V. That is (S, V)/V has order 1,2, or 4. The 3-Sylow groups of V 
are the same as those of (S, V). As T is conjugate to T-l in V some element 
Sv, u E V must be in C(T). If II N IF’ in G then, II N n2 in C(T). This is 
not true here and so n + IIT2 in G. We have then / N(fl)/C(n)i = 2. 
Let &, and #r,, be of degree 70. Let S, = -(A + h4), 8, = -(h2 + X3) 
where X = e2nilj. We have #a(n) = 58, , &,(rrJ1) = 8r , h,(IIT) = -0, ; 
hG’> = 50,) AoW’Jl) = e2, hG’T) = -e2. Also (CIdG) = h@4) = 0. 
We also have 
9. THE ~-BLOCK B,(2) 
The characters #3 and 4s belong to a 2-block other than B,,(2). This 
follows because 
(7 * 52 * 33 - 27/52 * 3 - 4)(&(H)/&(e)) + 0 (mod 2), 
but 7 + 52 * 33 * 27/52 * 3 * 4 E 0 (mod 2) for i = 3, 5. The 2-defect of the 
class of n is 2 and so #i belong to blocks of 2-defect 2. (See [2]), The block 
separation shows that $3 and & are in the same 2-block. Let this 2-block 
be B,(2). The defect group D is a 2-Sylow group of C(n). Here D is elementary 
Abelian of order 22. An involution in D is conjugate to Jr . There is total 
fusion in D as there is total fusion in a 2-Sylow group of A,. 
The same calculations for Z/Q( Tl) show that D is conjugate to a 2-Sylow 
group of C(T,). This means J2 N Jr in our notation. 
We know 5 . 3 / 1 C(h). Suppose 32 / 1 C(Jr)/. Let H be a 3-Sylow 
group of C(J1). As a 3-Sylow group P3 of G containing H is non-Abelian, 
H must contain an element in the center of P3 . This is a conjugate of T. 
There must be an Abelian subgroup of order 32 -2 in C(T), which is a 
contradiction. This means 1 C( Jl)I = 5 * 3 * 2b. 
We know #3( J1) f 0 as #3 is not of zero 2-defect. Also #3( Jl) 3 0 (mod 4) 
by the unimodularity. We set #3( Jl) = 4~. We have (7 * 52 * 33 * 2’/5 * 3 * 2b) * 
(f4u/160) is an integer. This means 24u/2b is an integer. Let 
where the ki are the conjugate classes of G for which #3(Ki) is now determined. 
We compute y = 15/16. This means (4~)~/3 . 5 . 2b < l/15. We see 
16u2 < 2b. As 6 < 7, we see u2 < 8. In turn fu = I or 2. 
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I f  II = 2, b = 6 or 7. But then 24 * 2/2b an integer implies b < 5. This 
means u = fl. 
As 24/2b is an integer b < 4. The value (4)2/3 * 5 * 2b must be at most l/15 
and so b = 4, 1 C(J,)I = 5 * 3 * 24 = 240. There are no more conjugate 
classes Ki for which #a(Ki) f  0. In particular, #a(TJ) = 0. The value 
#a(Jr) = 4 is obtained by 
c wi)ll Wi)l = 0. 
By block separation #s(]J - #5(JI) = 0 (mod 7). We know &(Jr) = 4~’ 
and so &(Ji) = 4. The value #,(nJi) = -1 is obtained in the same way. 
In turn &(n]i) = 0. 
By using the inner product with the #a row, or the first or second column 
where necessary, we can now write out the following part of the character 
table. Blank columns are left to correspond to the final table presented later. 
Boxed entries are filled in later. 
k ea JR TJ TR J, T,JlIIJlPJt T  T ,  n IF 111 I IT  IPT 
order 1 7 2 4 6 12 2 6 10 10 3 3 5 5 5 15 15 
C(k) E 7 / 1920 ’ 240 12 240 12 20 20 1080 36 300 300 15 15 
40 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
d, 36 1 4 4 1 1 0 0 0 0 9 0 -4 -4 1 -1 -1 
62 90 -1 lp1 1 1 601190550 -1 -1 
4. 160 -1 0 00 0 000 4 l-l -1 16 l-5 -5 0 0 1 1 
4, 225 1 
45 288 1 
4s 300 -1 
47 63 0 
4% 126 0 
*s 70 0 
&o 70 0 
l-151 0 0 5-l 0 0 0 3 0 0 0 0 0 
0 0 0 0 4 1 -1 -1 o-3 3 3 -2 0 0 
1 1 0 0 0 o-15 0 0 0 0 0 0 
0 0 -1 -1 -1 -1 0 3 3 3 -2 0 0 
-1 -1 6 0 1 l-9 0 1 1 1 1 1 
-1 -1 -2 1 8, 9, 7 1 58, 50, 0 -0, -e, 
-1 -1 -2 1 o2 8, 7 1 58, 58, 0 - 8, - 8, 
In particular, we see c(]i , Jr , a) = 7 and so Jr must normalize a. This 
means c(J, Ji , u) = c(J, J, u) = 0. Th ere is only one solution of this given 
in the boxed section above. We know 5 * 3 1 1 C(j)i. Certainly 52 { I C(J)I. 
Also 32 { I C(J)/ as then C(T) would have an Abelian subgroup of order 18. 
The sum of the squares Ci ) #i(J so far obtained is greater than 15 * 64 
and so I C(J)1 = 1920 = 15 * 27. We see J is in the center of a 2-Sylow group. 
It is clear from the Tl column there is another character #ii of odd degree 
for which &i( TJ = & 1. The degree of #ii cannot be 7 or #ii&i would 
have a constituent whose degree is less than 49 and congruent to - 1 (mod 7). 
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The value z,&(T,) = &r(e) (mod 3) and so 3 r #u(e) or the sum of the 
squares xi 1 &( T# would be greater than 36. The degree must be 7.5 or 7S2. 
A character of degree 7.5 would be in another 5-block of defect 1. This is 
impossible as the centralizers of any 5-elements other than l7 have 
orders 25 or 50. We see #rr has degree 175, #ii = 1. 
The sum of the squares of degrees not yet obtained is 
72(4 + 4 + 729 + 729 + 2304 + 9 + 9 + 1024 + 1024). 
Degrees in B,(2) are of the form 7 . 32 . U, u odd. If u > 3, the sum of the 
squares of the degrees is too high. This means the degrees are 224 = 32 * 7. 
Adding over & E B,(2) we have 
c &(e) &(J1) = 4 * 160 + 4 .288 + c &(J1) - 224 = 0. 
ill0 
The values #<(Jr) are f4uj with u: odd. If some U: > 3, i > 10, another 
ui f 0, j > 1Oi f i. In this case xi 1 &(Jr)l” > 240 and so all &(]i) 
must be &4. There must be at least two characters & with &(Ji) = -4. 
Let these be #r2 and #is . 
The values #r2( Tr) = #rs( Ti) = -1 are clear from the Tl column. 
Now Ci”r #,(e)#,( TJ = 28. Also xi!?, 1 &( T,)12 is 34. There are two possible 
ways to complete the nonzero part of the Tl column. There are either two 
more characters with degrees 14, or two more characters with degrees 
28 and 56. In any case there are no more characters of degree 224 and so the 
block B,(2) is filled. If v is an element whose 2-part is not conjugate to Jr , 
the block orthogonality relations give 
VW9 + AM - 942(74 - Mf4 = 0. 
10. COMPLETION OF THE Tl AND TJ1 COLUMNS 
The sum &rs &(e)+$(TJ = -28. Th ere are two more characters for 
which t,&(T,) f 0. Let them be #r4 , $r6 . There are two possible cases. 
We use here the fact that no more 5-blocks of defect 1 occur. 
In the case &(e) = 28, &s(e) = 56, let &(]i) = 4w, &,(ji) = 4~4. As 
6 I c (h(4) = 56 - 2 - 2 + 4u 
-CT& 
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we obtain u = -1 (mod 3). Similarly 6 / 28 + 2 + 2 + 4v and so 
v  = 1 (mod 3). Let I,& = -1 + 4w. The sum of squares on the Jr 
column not yet obtained is 69. This means u = -1, ZI = 1. Computing 
&(J1) by inner product with the 7’J1 column gives #rl(J1) = -17. As 
( 17)2 > 69, this is impossible. We therefore have the case&(e) = &(e) = 14. 
The remaining characters are 0 on Tl and their degrees are divisible by 21. 
We consider & 1 C(T). The 3-Sylow group of C(T) is non-Abelian and 
(C(T))’ = C(T). The sum of the degrees of the constituents faithful on T 
is 6 or 12. If  it is 12, z,& 1 C(T) = Q + ~a + 1 + 1 where rll and Q are 
conjugate characters of degree 6. The value &( Tl) = 71( Tl) + rlz( Tl) + 2. 
As 71(T,) = 7z(TA sW’-d f -1. Th is is a contradiction. We have 
t,& / C(T) = 7r + 7a + 7a . Here 7l and 7z are of degree 3 and represent T 
faithfully, r/a is of degree 8 and has T in the kernel. We may interchange & 
and z,& if necessary to obtain either the case 4,,(n) = 20, + 0a , 
y&,(IIT) = & - 0, , #l4(T) = 5; or the case #r,(n) = 3(0,), &( TI7) = 0, 
#r4( T) = 5. In particular, #r4 is not rational on n and so & and & must be 
conjugates as there are no more characters of degree 14. Also #14(J) = -2, 
&( TJ) = 1 as 74J) = 0,7dJ) = 7dJ) = -1. The values h(R) = 2, 
z,&( TR) = -1 can be obtained in the same way. Here r18(R) = 0, 
71(R) = 7z(R) = 1. Th is is because the eigenvalues of the representation of 
7l on R must be {i, -i, l}. 
The values of #rr on J, TJ, TR and T can now be found by orthogonality 
with the Tl column. 
11. SOME COMPUTATIONS WITH I,& 
We know the sum +&(17J + #r3(D1) = -2 by the block orthogonality 
relations of B,(2). By orthogonality of the & column with the Tl column 
we see (& + I,&,) = 3. This is impossible if #r4(n1) is rational, and so 
1,,&(17~) is irrational. This means n1 + fl12 in G. Also I,&,(&~) = -2. The 
orthogonality relations with the & row and the & row give that / C(U,)l = 50. 
They also show there are no other conjugate classes of elements of order 5 
as #s would be nonzero on them. This is impossible as C 1 t,&,(&)!“/l C(K,)I = 1 
where the sum is over the conjugate classes so far obtained. 
There is an involution in C(17,) which we will call J2 and later show to be 
the J obtained earlier. We know J2 + Jl as 52 r 1 C( Jl)/. In any case 
1 C(n, J2)j = 10. We can evaluate #r(fl, J2) for the characters &, i = 0, 
1 ,a--, 11, using obvious orthogonality relations and the fact that 17r + fl. 
We now consider $r4 . #I4 and & * I,&~ . Here #1’14 is real as there are no 
more characters of degree 14. The decomposition of I,& . #r4 contains #0 
plus +2 or #a. Let #14 . #r4 = P1(#J + P2(#,J where P1(#1’14) is the character 
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corresponding to the symmetric tensors and P2(&J is the character corre- 
sponding to the skew symmetric tensors. Certainly & cannot occur as a 
constituent and so #a must be a constituent. 
Suppose P2(&) = & + &. We have 
~2(hu) = bw))2 - 1c'dm = (4 - 14)/z = -5. 
However, (&, + #2)(/) = 1 + 10, a contradiction. We see I,& . +I4 = 
1 + $2 + {&} + P2(z,L2). We see &(J1) = 2. The value #11(J1) = 5 can now 
be found. It follows also that #2 occurs next to I&, on the stem as #,, + #2 
must be a principal 7-indecomposable. (See [I]). 
Let $14 * 415 = C ai?+4 . As ~5’14 . $14 and z+& * I,,& are equal on 5-regular 
elements the sum over constituents in B,(5) must be the same for 5-regular 
elements. Suppose z/z occurs in & * & . This would imply & also occurred 
in #14 * #15. The tree must then have & adjacent to #2. However, &, 
adjacent to I,&, adjacent to $I is clearly impossible as the tree is an open stem 
and so deg I,IJ~ would have to be greater than 89. 
As #2 does not occur in #I4 . +& , there are three characters from B,(5) 
occurring in I,& . #4 + #Id * & . The only possibilities are 
Here Q& is a new character of degree 21. As #14 * & has two real rational 
constituents, *I4 * & must have two rational constituents. This means I,/& 
is not rational and so there is another character & of degree 21. The values 
of #1, and #I6 can easily be found for 5-regular elements by the equation above. 
Of particular interest is the remark that the TR column is filled. 
12. COMPLETION OF THE TABLE 
We now complete the table by obtaining three more characters and filling 
in the rows and columns by the orthogonality relations. The sum of 
C / &(T17)J2 still needed is 7. If  y&(IIT) = e2 - 0, , this is impossible and 
so &(17T) = 0. This means a,b16(17T) = 0, or e2 . The sum of the squares 
needed is 4. The value C &(Tl7)&( e needed is -336. We know (#12 + &) ) 
(l7T) = 1 using B,(2). I f  +I2 and & are conjugates a,h12(17T) = 0,) 
t,hlg(IIT) = 0,. The sum x j #i(17T))2 needed is now 1 and so there is one 
more character for which &(nT) f 0 of degree 336. If  we can show #12 
and #13 are conjugate, we can obtain &, of degree 336. 
4811914-s 
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Suppose #ia and I,& are not conjugate. The value (#ia + #i&(172’) : 1 
and so we can pick 1,&,(17T) = 1, &(17T) = 0. The sum of the squares, 
C / #,(17T)/2, needed is 3. Also, the sum 2 &(KQ&(Z12T) needed is -2. 
There must clearly be a nonrational value. The sum of the norms squared 
of such a character is at least 3 and is only 3 if &(nT) = f8, or &S, . In this 
case &(0, + 0,) = fl. There must be two more characters of degree 336. 
This is impossible as the sum of the squares of the degrees is too high. 
We see #i2 and #is are conjugate and so #is of degree 336 completes the 
Tl7 column. 
There must be exactly one more pair of 5-conjugate characters. We know 
the value #12(D1J2) = 0 as J2 + J1 . We can compute #r4(~J2) by inner 
product with the Tl column. We obtain easily 1&(17,J,) = I,$,(~~/,) = 0 
and also I,&~(UJ~) = 1. The remaining sum x 1 &(17,J2J2 is 3. In order that 
c !w7J2M~12J2) = 0 we must have two more conjugate characters for 
which &(17,J2) f  0. This is again because the sum of the norms of a non- 
rational character is at least 3. The remaining sum ‘JjJ #i(Z11J2)#i(e) = -189. 
There are two more conjugate characters of degree 189. 
All of the characters have been obtained. There is one unlabelled conjugate 
class we call K. We know / C(R)1 = 2b . 3 as there is no conjugate class of 
5-elements centralizing R and 32 7 1 C(R)/ or C(T) would have an Abelian 
subgroup of order 36. Let 1 C(K)/ = 5” .2”. Here 3 -Y I C(K)1 as the con- 
jugate class elements commuting with 3-elements are all known. The &, row 
gives 1/2b . 3 + l/5” * 2” = 13/96. The only solution is b = 5, a = 0, c = 3. 
This implies J2 = /. 
The remaining gaps in the table can be filled out by routine use of the 
orthogonality relations. We obtain the following table. In cases of conjugate 
characters we do not evaluate the actual values on 5-elements but just the 
sum of the two conjugates. These are boxed with the corresponding sum 
written inside. 
13. THE ORDER OF K 
In this section we will show that K has order 8, and in fact we may choose 
K so that K2 = R. All of the characters & are real. Let ci = 1 if & can be 
realized in the real field, l i = -1 if it cannot. I f  7 E G, let n(~) be the 
number of elements 0 in G such that u2 = 7. It is known, [3], that 
n(7) = xf!,, C&(T). We will show that all ci = 1 and that n(R) = 12. 
This will imply that K has order 8 and that we may pick K such that K2 = R. 
We know that cl4 = 1 as &, is a constituent of the character of the symmetric 
tensors of the representation corresponding to I,&. The constituents of 
t/&& and I,&& all have multiplicity 1 and so must all be realizable in the 
real field by the theory of the Schur index. Also, by Speiser [22] all of the 
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characters of odd degree are realizable in the real field. This shows that 
Q = 1 for all & except possibly #5 , z& , 4s , #ia , #ia , and &a . 
As 1 = n(a) = 1 + 1 - 1 - 1 + 1 + c5 - Q, we see +, = Q. We 
compute n(R) = 6 + 4~ + 2~s . I f  n(R) = 0, we have ~a = 6s = -1. 
We compute n( Ti) = 9 - 3~ - 2~s . As n( Tr) = 4, we have <I2 = cr, = 1. 
This implies l s = 1 and so n(R) f  0. Also n(R) = 10 + 2~s. We must 
have n(J1) = 0. Computing as above, we find Al = -6 + 6~s . This 
means l s = 1. We have n(T) = 12. All of the Q have been found except cls . 
This can be found by computing n(Z7T) = 2 - ~rs . We see cls = 1. This 
shows all characters are realizable in the real field. 
14. THE GROUPS C(R) AND N(P,) 
We set C(R) = H. From the character table we know 1 H ) = 3 * 32. 
As T E C(R), (T) is a 3-Sylow group of H. We know R E NH(T) as R E C(T). 
Let 1 NH( T)I = 3 . 22 * 2b. We know 1 N(T)/ = 5 * 33 * 24 and so b < 2. 
By Sylow’s theorem 1 H : NH(T)/ = 23-b = 1 (mod 3). This implies b = 1. 
There are four 3-Sylow groups in H. From the structure of C(T) we 
know C(T) n H = (T) x (R). This means C,(T) = (T) x (R), 
I NH(WCHV)I = 2. 
We know R E Z(H) and only elements of(K) can commute with K. Neither 
K or K-l commutes with T. This shows Z(H) = (R). Let Z(H) = (R) = Z, 
n = H/Z. Here g can be represented on its four 3-Sylow groups. In S, the 
four distinct 3-Sylow groups generate A, . Also T N T-l, and so Z? when 
represented on its 3-Sylow groups is isomorphic to S, . 
There are 12 elements 7 in H such that ? = R. In B these must be 
involutions as there are no elements of order 16 in G. In S, they must be 
represented as permutations (;,i) or (i,j)(K, I). I f  7 is represented by (i,j)(k, I), 
and ? = R let 7 i , be represented by (i, k,j, 1). We see (7J4 = (T~)R~~ 
for some a. ‘This means pi has order 16, a contradiction. Let (i,j) be in H 
represented in Z? with cycle structure (;,i) in S, . The 24 elements (i,i), 
(i,,j)R, (i,j)R2, (i,j)R3 all squared give R or R-l. These are all of the conjugates 
of K in H whose square is R or R-l. 
An element (i, j) in S, normalizes the 3-Sylow groups of S, generated by 
(i, j, K) or (i, i, Z) with I f  K. This means that NH(T) has order 8, N&T)/(T) 
is cyclic of order 8. This also implies by earlier results that N(P3)/P3 is cyclic 
of order 8 where P3 is a 3-Sylow group of G. 
Let 7 be an element of R represented by (i, j, K, I) in S, . There are four 
elements in H whose images in Ef are y. I f  y  is one, the others are yR, yR2, yR3. 
Either y4 = e or y4 = J as there are no elements of order 16. If  yr is an 
element of H represented in Z? by (il ,ii , K, , II), then (~r)~ = y4. This 
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follows because there is an element 0 in B such that e(i, j, k, Z)(a)-1 = 
(il , ji , k, , Ii). I f  u represents C? in H, we have R%yu-l = yi . This means 
(yi)” = y4. There are two cases where (a), y4 = e, and (b), y4 = J. 
We show first that case (b) is impossible. We will consider z+& 1 C(R) 
and I& 1 C(R). There are 24 elements in C(R) conjugate to K whose squares 
are R or R-l. There are also 24 elements of C(R) of the form yR”, a = 0, 1,2,3 
where y  in l? has the form (;,j, k, I). This gives 48 elements conjugate to K 
in C(T). The elements of the form y2 and y2R2 are of order 4 and so 
conjugate to R. There are six of these plus R and R-l conjugate to R. The 
elements of the form y2R and y2R3 are involutions and so conjugate to J or J1 . 
There are six of these; let r be conjugate to J and 6 - r be conjugate to Ii . 
As well, of course, J is conjugate to itself. We have the following table 
1 1 8 8 16 8 48 r 6-r 
J 
6; 15 
R TJ TR T K J h 
3 0 0 0 15 
;: 36 4 4 1 1 9 b 4 -:, 
o;H#3(u) = 150 + 15~ - (6 -r) 
&A(4 = 168 + 4r. 
As 96 divides these two integers, we obtain Y = 3 from the first and r = 6 
from the second. We see case (b) is impossible. 
We must have case (a). The 24 elements yRa, a = 0, 1,2, 3 are con- 
jugate to R. The 6 elements y2R, y2R3 are conjugate to R. The 6 elements 
y2, y2R2 are conjugate to J. We have the following table. 
1 7 32 8 16 
#, 6; 15’ 
R TJ TR 
3 0 0 
We see $, j C(T) = 1 + 1 + 1 + a... 
The table for N(P,) follows. 
1 2 24 108 18 9 
6; 
T Tl K R 
4, 0 3 1 3 1; 
Computing *, 1 N(P,) = 1 + 1 + a... 
We also give the table for N(P,) n C(R). 
1 2 12 2 1 
6; 
T K R 
4, 0 1 3 1; 
8 24 
T K 
0 1 
18 36 
TJ TR 
0 0 
2 4 
TJ TR 
0 0 
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As above #, 1 N(P,) n C(R) = 1 + 1 + 1 + 1 + 7 where 7 does not 
contain 1 as a constituent. 
As 3 + 2 > 4, the group (N(P,), C(R)) is smaller than G as we now shawl. 
The representation corresponding to 4, when restricted to C(R) n N(P,) 
has a 4-dimensional invariant subspace U on which the representation is 
the identity. There is a 3-dimensional subspace V of U on which the repre- 
sentation restricted to C(R) is the identity. There is also a 2-dimensional 
subspace Won which the restriction to N(Pa) is the identity. It follows that 
4 I <C(R), W’s)> h as a l-dimensional invariant subspace on which the 
representation is the identity. We see that 
H = (C(R), W’J) + G 
has 1 as a constituent. 
and $7 I H 
15. THE SUBGROUP OF ORDER 6048 
We will show that H = (C(R), N(P,)) has order 6048. Let the index of 
H be 2” * 5b * 7”. We know a < 2, b < 2, c < 1. We compute the character 
of the permutation representation of G on the cosets of N(Pa) using the 
Frobenius Reciprocity theorem. This gives as character 
40 + 91 + 162 + $3 + $6 + 4% + w, + Y+s + $11 
+ A2 + A3 + &* + hl + &J . 
The character of the permutation representation of G on the cosets of H is 
a component of this. We will show that in fact the character is I,&, + (CIi + 4, 
and H has order 6048. 
If c = 0, the index is at most 100. By examining the character table it is 
clear that there are no permutation characters of degree smaller than 100 
and only one of degree 100. Therefore, if we can show c = 0, we will have 
shown H has order 6048. 
Suppose c = 1. The permutation character must be a sum of principal 
7-indecomposables. In particular #,, + $a must be a component. We know 
4, occurs and so I,& + #a + #, of degree 154 is a component. This means 
b = 2 and the index is 175,350, or 750. 
This also means the permutation character is a sum of 5-indecomposables 
as well. This implies &, + $a + #a + #, is a component. There must be 
another constituent tjl or & . If the index is 350, the solution is I++, + I,& + 
$a + #1 + I,& . By checking the various possibilities we see there are no 
possible sums of characters giving a total degree of 700. This means the 
1 This method was used by R. G. Stanton [13] in showing the uniqueness of the 
simple Mathieu group of order 244, 823, 040. 
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index is 350 and the permutation character is &, + #s + #s + $i + 4, . 
Let P be a 2-Sylow group of C(R). There is a 2-element L in H, L $ C(R) 
such that L < N(P). We know (R) is characteristic in P as (R) is generated 
by the squares of the elements of order 8. This meansL < N(R). In particular, 
N(R)/C(R) must have order 2. The 3-Sylow groups of N(R) are the same as 
those of C(R) and so some element LS, S E C(R) must centralize T. We see 
1 C,(T)/ = 33 . 23. However j C(T)1 = 33 * 23 * 5 and so C(T) has a subgroup 
of index 5. This is impossible as C(T)/(T) G A, and A, has no subgroup 
of index 5. We see H has order 6048. 
16. THEPERMUTATION REPRESENTATION OFTHESUBGROUPOF ORDER 6048 
It has been shown in Section 15 that G has a subgroup H of index 100 and 
order 6048. Since a Sylow 7-subgroup S(7) of G is its own centralizer in G, 
the same is true in H. Hence H has 288 S(7)‘s and N&7), the normalizer in H 
of an S(7) has order 21 and N,(7) = (a, b) where a7 = 1, b3 = 1, b-lab = a2. 
As 288 = 32 -9 and 32 + 1 (mod 7), 9 + 1 (mod 7), it follows from a result 
of P. Hall [9] that H is not solvable. We shall show that H must be a simple 
group. Suppose first, to the contrary, that H has a minimal normal subgroup K 
of order not a multiple of 7. Then 1 K I = 2’ or 3”, and as (a) acts on K 
fixing only the identity, the only possibility is that / K I = 8. But then 
H/K is of order 756. A group of order 756 is necessarily solvable and this 
would imply that H is solvable, which we have observed is not the case. 
Hence a minimal normal subgroup K of H has order a multiple of 7 and so 
contains all 288 S(7)‘s of H, whence if K f  H, we have I K / = 2016 and 
N,(7) is of order 7. But then in K, S(7) is its own normalizer and so K has 
a normal 7 complement T of order 288 = 32 ‘9, and in K an S(7) normalizes 
and so centralizes some Sylow 3-group of T of order 9, conflicting with the 
fact that an S(7) is its own centralizer. The only possibility remaining is 
that K = H and so His a simple group. It is known [I] that a simple group 
of order 6048 is necessarily the unitary group U,(3). 
The representation of G as a permutation group on the 100 cosets of H 
will have a character x containing the trivial character &, exactly once, and 
for every x of G, x(x) is a nonnegative integer. From the table of Section 12 
this must be x = I&, + #i + #r . 
element 
order 1 7 2 4 8 6 12 10 10 2 6 10 10 3 3 5 5 5 5 15 1s 
C(s) 8 7 192096 8 24 12 10 10 240 12 20 20 1080 36 300 300 50 50 1.5 15 
$0 1 1 1111111111111111 I1 1 
36 1 4 4 0 1 1-I -1 0 0 0 0 9 0 -4 -4 1 1 -1 -1 
63 0 15 3 1 0 0 0 0 -1 -1 -1 -1 0 3 3 3 -2 -2 0 0 
100 2 20 8 2 2 2 0 0 0 0 0 0 10 4 0 0 0 0 0 0 
(16.1) 
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Since x is the sum of three distinct irreducible characters of G, the permu- 
tation representation must be of rank 3, and if the 100 letters are the digits 00, 
Ol,..., 99, then G,,, = H will fix 00 and have exactly two further orbits. 
Since x(u) = 2, the permutation ~(a) fixes 00 and exactly one further letter, 
moving the rest in 14 cycles of length 7. Hence one of the two orbits has 
length of the form 7m + 1, the other 7/r, where 7m + 1 + 7k = 99 and 
both 7m + 1 and 7k are divisors of 6048. Here the only possible values are 
7m + 1 = 36, 7K = 63. Thus we must find transitive representations of 
U,(3) on 36 and 63 letters, respectively, whose characters together with a 
fixed letter agree with the values of x(x) in (16.1) for which x(x) > 1. Elements 
x of G not conjugate to an element of G,,, = H = U,(3) will have x(x) = 0. 
In GF(32) the mapping x -+ x3 = 3 is an involutory automorphism. 
The unitary group U,(3) consists of the linear transformations over GF(32) 
on X, y, z leaving invariant for points A = (x, y, z) the metric 
@,A) =xn+yy+zz. (16.2) 
A natural representation for H = U,(3) is as a permutation group on the 
28 points A for which (A, A) = 0, called isotropic points, taken as points in 
the projective plane PG(2, 32). Th ese lie in sets of four on 63 lines and form 
a block design D with parameters 6 = 63, v = 28, r = 9, K = 4, X = 1. 
If we number the points I,..., 28 and the lines 37,..., 99 we have for the set 
of lines containing the point 1 
L 37 : 1, 2, 3, 4 
L 44 : 1, 5, 18,28 
&I : 1, 6, 14,23 
L 5* : 1, 7, 15,22 
L 65 : 1, 8, 19,25 
-42 : 1, 9, 16,27 
43 : 1, 10, 17,24 
L 50 : 1, 11, 20,21 
L 41 : 1, 12, 13,26 
Here H is generated by the permutations 
(16.3) 
a = (1, 5, 7, 3, 12,24, 11)(2,23,4, 27, 13, 14,26) 
(6,20, IS, 8,25,21,28)(9, 10, 17, 15, 22, 16, 19) 
b 
(16.4) 
= (1)(2)(3,4)(5, 17, 7, 16, 8,20, 6, 13) 
(9, 19, 11, 14, 12, 18, 10, 15)(21, 23,26,28, 24, 27, 25). 
The Sylow 7-group (a) is normalized by the element c and N(7) = (a, c) 
where 
c = (1)(2,20, 10)(3, 11,24)(4, 21, 17)(5, 7, 12) 
(6, 19,27)(8, 16, 23)(9, 14,25)(13, 18, 15)(22,26, 28). (16.5) 
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Here <p\ is normalized by the involution d where 
d = (1)(8)(19)(25)(2,28)(3, 18)(4,5)(6,27)(7, 17) 
(9, 14)(10,22)(11, 13)(12, 21)(15,24)(16, 23)(20, 26). (16.6) 
We shall construct G as a rank 3 permutation group. The 100 symbols 00, 
Ol,..., 99 and H shall be the stabilizer G, . The 36 orbit for H will be on 
01 ,..., 36 and we shall show that this is on cosets of a subgroup K of order 168 
isomorphic to LF(2, 7) which may be taken as K = (a, d). We shall show 
that the 63 orbit for His on the cosets of a group N = C,(d) and this is the 
same as the representation of H as permuting the 63 lines of the block design D. 
The character table of U,(3) is as follows: 
h = 6048 = 32 .27 .7 
order 1 7 7 33288 4 4 6 12 12 4 
C(X) h 7 7 9 108 96 8 8 96 96 12 12 12 16 
element 1 a 0-l c t d b b-’ b= b-= tb* tb= tbF u 
PO 1 1 1 11111 1 1 1 1 1 1 
PI 6 -1 -1 0 -3 -2 0 0 -2 -2 1 1 1 2 
~a 27 l+(--:)‘!‘,2 -1 00311 3 3 0 0 0 -1 
P3 32 1-(-7)‘/212-1 -4 0 0 0 0 0 0 0 0 0 
PI 32 1-(-7)‘P/2 l+(-7)‘P/2 -1 -4 0 0 0 0 0 0 0 0 0 
Ps 7 0 0 1 -2 -1 -1 -1 3 3 2 0 0 -1 
Pe 7 0 0 l-2 3 i -i -l-2i-1+2i 0 -l+i -1-i 1 
P? 7 0 0 1 -2 3 -i i -1+2i-1-2i 0 -1-i -l+i 1 
Ps 14 0 0 -1 5-2 0 0 2 2 1 -1 -1 2 
PO 21 0 0 0 3 5 -1 -1 1 1 -1 1 1 1 
P,a 21 0 0 0 3 1 i -i -3+2i-3-2i l-i i-l 
P*1 21 0 0 0 3 1 -i i -3-2i-3+2i 1 i -i -1 
~12 28 0 0 1 1-4 0 0 4i -4i -1 i -i 0 
~1s 28 0 0 1 1-4 0 0 -4i 4i -1-i i 0 
(16.7) 
The 36 orbit for H will be on cosets of a subgroup K of order 168. Since 
an S(7) is its own centralizer, K contains 8 S(7)‘s and N,(7) is of order 21, 
and so N,(7) = N,(7) which we may take as (a, c). From the table (16.7) 
we note that C,(c) is of order 9. In K if c and c-l were not conjugate, then 
(c) a Sylow 3-group of K would have a normal complement T of order 56 
in K, and then c would normalize a group of order 8 in T whence c would 
permute with some 2 element conflicting with the fact that 1 C,(c)1 = 9. 
Hence c and c-r are conjugate in K, and so K must contain one, and so all, 
of the involutions d, cd, c-ld transforming c into c-l. Thus K contains (a, d) 
and as (a, d) is of order 168, we have K = (a, d). The character v  of H 
represented on cosets of K is readily determined since ~(a) = 1, v(c) > 0 
and K contains only one class of elements of order 4. We must have 
93 = PO + Pa + P7 + Ps . Then from (16.1) the character w of H on the 
63 orbit is determined since x I H, the restriction of x to H, is known. 
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elementorder 1 7 7 3 3 2 8 8 4 4 6 12 12 4 
44 h 7 7 9 108 96 8 8 96 96 12 12 12 16 
element 1 a a-’ c t d b b-1 b= b-l tb’ tb2 tb-= u 
PO 111 1111111111 1 
PI 36 1 1 3 0 12 0 0 0 0 0 0 0 4 
w 63 0 0 0 9 7 I1 7 7 111 3 
XlH 100 2 2 4 10 20 2 2 8 8 2 2 2 8 
(16.8) 
Here we noted that q~ = p. + p6 + p, + ps . It is easy to see that 
w = pa + ps + p8 + pe . With w the character of H represented on cosets 
of a subgroup N of order 96, we need to determine N. We may find how 
many elements N contains in each of the classes of H. This is given by 
1, a, a-‘, c, t, d, b, b-l, b2, b-2, tb*, tb2, tb-2, II 
1, 0, 0, 0, 8, 7, 12, 12, 7, 7, 8, 8, 8, 18. 
(16.9) 
The argument here is easy. For example, u with c(u) = 16 has 378 conjugates 
in H, and as w(u) = 3, each conjugate of u is in 3 of the 63 conjugates 
of N in H. Hence if N contains m conjugates of u, then 63m = 3 * 378 = 1134, 
whence m = 18. 
From (16.9) N contains 63 2-elements, and so N contains 3 Sylow 
2-subgroups, S(2)‘s. An S(2) is of order 32 and generated by b of 16.4) and 
a further element u given by 
u = (1, 3,2,4)(5, 16, 10, 18)(6, 17, 12, 14)(7,20,9, 15) 
(8, 13, 11, 19)(21,24)(26,27)(22,25,23,28). (16.10) 
The Frattini subgroupF(2) of S(2) is of order 8 and F(2) = (u2, b2). The 
three subgroups, MI , M, , Ma of S(2) of index 2 are obtained by adjoining 
one of u, b, or ub to F(2). The count of elements in these by conjugacy 
classes is as follows: 
1, d, b, b-l, b2, b-2, u 
w 1, 7, 4, 4, 3, 3, 10 
F(2) 1, 3, 0, 0, 1, 1, 2 
Ml = F(2) fF(2)u 1, 3, 0, 0, 3, 3, 6 
(16.11) 
M, = F(2) +F(2)b 1, 3, 4, 4, 1, 1, 2 
Ma = F(2) +F(2)ub 1, 7, 0, 0, 1, I, 6 
The group N of order 96 whose count is given by (16.9) contains three 
S(2)‘s intersecting in a group M of order 16 where M is normal in IV. As the 
three S(2)‘s of N are conjugate in N, it follows that the count of 2-elements 
in N is that of M plus three times that of S(2) - M. From (16.9) and (16.11) 
it follows that M is of type M3. Thus M, normal in N contains a single 
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element w of class b2 and also its inverse w-l. Hence necessarily N is the 
centralizer of an involution d = w2 = (w-l)s, N = C,(d). The group N of 
order 96 fixing the isotropic line L,, : 1,2, 3, 4 in (16.3) is in fact CH(b4), 
and so the 63 orbit of H is the representation of H as a permutation group of 
the 63 isotropic lines. 
Now we have completely determined the permutation representation of 
H on OO,..., 99 where 00 is fixed, the 36 orbit of H is on Ol,..., 36 corresponding 
to cosets of (a, d) in H, and the 63 orbit is on 37,..., 99 corresponding to the 
63 isotropic lines. The permutations for a, b, c, and d are given on the 
previous page. 
17. PERMUTATION REPRESENTATION OF G. SIMPLICITY OF G 
In G the normalizer N,(7) of an S(7) is of order 42 and an S(7) is its own 
centralizer. Since N,(7) = (a, c), G must contain an involution t such that 
N,(7) = {a, ct) with ct = tc of order 6 and t is such that tat = a-l. Since 
(a) has 2 fixed letters and 14 7-cyles, if t fixed 20 letters, then t would fix 
two or more letters of some 7-cycle and this is not consistent with tat = a-l. 
Hence x(t) = 0 and t moves all letters. 
Since tat = a-l and t moves all 100 letters, t interchanges the two letters 00 
and 01 fixed by a. Hence (a, b, t) is transitive on the 100 letters and so the 
representation of G is now reduced to finding the involution t and proving 
that we have found a group transitive on OO,..., 99 in which the stabilizer of 00 
is H = (a, 6) = U,(3). Since tc = ct and c fixes exactly the four letters 00, 
01, 12, and 3 1 it follows that t also interchanges 12 and 3 1. Hence as tat = a-l, 
we have 
a = (09, 10, 11, 12, 13, 14, 15)(30, 31, 32, 33, 34, 35, 36) 
. (17.1) 
a-l = (34, 33, 32, 31, 30, 36, 35)(13, 12, 11, 10,09, 15, 14) 
From this 
t = (00,01)(09, 34)(10, 33)(11, 32)(12, 31)(13, 30)(14, 36)(15, 35). (17.2) 
At this stage an element of luck enters in. The element tb2t has a relatively 
large number of its values determined. 
tb2t = ( 
OO,Ol, 13, 30,32,35,31,... 
34,01,00, 12, 15, 10,09 )... 1 * 
We now form an element fixing 00 
(17.3) 
t62a4tb2t 30, 31, = ( OO,Ol, 13, 00, 34,Ol) 1 ,09, 32,35 ,... 1 15, 12 * (17.4) 
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00, 01, 02,03,04,05 
t 01,oo t Ai 
bza4 Ol,OO 
i 
Ai 
13,OO Aj 
13,OO Aj 
t 30,Ol i 05 
(17.6) 
b2 30,01, 19,05 
( 
24 
01,09,36,14 11 
This is sufficient to determine the permutation completely. It is a36%zdu3. 
Thus t must satisfy 
tb2a4tb2t = a3b6ada3. (17.5) 
In permutation form this begins 
t t 
01,09,36,14 11 
00, 34, 14,36,21, 32 
The element t interchanges 00 and 01 and so normalizes the group (a, d) 
of order 168 fixing 00 and 01. Its orbits are 
VW 
WI 
{09,..., 151 
{30,..., 36) (17.7) 
(02 ,..., 08, 16 ,..., 22, 23 ,..., 29) 
{51,..., 57, 65 ,..., 71, 72 ,..., 78) 
(37 ,..., 43, 44 ,..., 50, 58 ,..., 64, 79 ,..., 85, 86 ,..., 92, 93 ,..., 991. 
Since t moves all letters it must interchange the orbits of odd length. 
In particular if t = (03, Ai), then A, is one of the numbers 51,..., 57, 65 ,..., 
71, 72,..., 78. As tat = a-l 
a = (02, 03,04,05,06,07,08) 
a-1 = (-, A. A, 7-J 
(17.8) 
2, -9 
where (-, Ai , -, Ai ,...) is in some order one of the cycles (51, 57, 56, 55, 
54, 53, 52), (65,71, 70,69, 68, 67, 66), or (72, 78, 77,76, 75, 74, 73) and also 
b2a4 = (ii). We have 
b2a4 = (OO)(Ol, 13, 35, 26,04,24, 15, 30)(02,20,21, 14) 
(03, 10, 18, 19, 33,05, 11, 32) 
(06, 36, 16, 17)(07,23, 34, 22,09, 27,08,25)(12, 31,29,28) 
(37,41,60, 88, 56, 53,90,61)(38, 71, 66,40,44,62, 59, 50)(39, 79) 
(42, 57, 73, 78, 52, 43,45,49)(46, 51,48,93, 84, 89, 81,99)(47,72) 
(54, 65, 55, 85, 67, 96,70, 80)(58,69, 77, 86, 83,98, 95, 75) 
(63,76,97, 94,82,92, 74, 68)(64)(87,91). 
(17.9) 
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Here Ai = 73, Aj = 78 is the only pair from the 21 orbit of (a, d) in the 
63 orbit of H satisfying b2a4 = ($) and u-i = (-, A,, -, A, ,...). Hence 
from (17.6) we must have t = (03, 73). The equation (17.6) and the relations 
tat = a-l, ct = tc now completely determine t. 
t = (00,01)(02,74)(03,73)(04,72)(05,78)(06,77)(07,76)(08,75)(09,34) 
(10,33)(11, 32)(12, 31)(13, 30)(14, 36)(15,35)(16, 71)(17, 70)(18,69) 
(19, 68)(20, 67)(21,66)(22, 65)(23, 53)(24, 52)(25, 51)(26, 57)(27, 56) 
(28, 55)(29, 54)(37,91)(38,90)(39,89)(40,88)(41, 87)(42,86)(43,92) 
(44, 99)(45, 98)(46, 97)(47, 96)(48,95)(49, 94)(50,93)(58, 85)(59, 84) 
(60,83)(61, 82)(62, 81)(63, 80)(64,79). 
(17.10) 
We now have a permutation group G on 100 letters 00, Ol,..., 99, 
G = (a, b, t) and a group H = (a, b) fixing 00 where it is known that H 
is the simple group of order 6048. Let M = Gsr, be the subgroup of G 
fixing 00. It is well known that M is generated by the 300 elements 
x,bx3-1 (17.11) 
xi,,,-1 
where xi = (“9 I::), i = OO,..., 99 are coset representatives of M in G and 
7 = xj is the coset representative of My = Mxj . Here, with the help of 
Peter Swinnerton-Dyer and the Titan computer at the Cambridge University 
computing center, it was shown that each of the 300 permutations in (17.11) 
lies in H = (a, b). Thus M _C H and so M = H, whence Go0 = H and G 
is of order 604,800. 
It remains to be shown that G is simple. In G the normalizer of the 
group (a) contains the elements t interchanging 00 and 01. As these are the 
only letters fixed by (a}, it follows that [N,((a)) : N&(a))] = 2. As 
1 Ntr((a))l = 21, it follows that / Nc((a))j = 42 and (a) = S(7) is its own 
centralizer in G. 
In a chief series for G one of the factors contains the simple group H of 
order 6048. If this is not a minimal normal subgroup, then a minimal normal 
subgroup K has order 2,4,5, or 25. But then an S(7) normalizes and so 
centralizes K, contrary to the fact that S(7) is its own centralizer. Hence 
a minimal normal subgroup K contains H and hence all 14,400 S(7)‘s of G. 
Thus either [G : K] = 2 or G = K and G is simple. If [G : K] = 2, then 
N,(7) is of order 21 and t $ K. Then mapping G/K onto the group +l, -1, 
we map H -+ + 1 and t + -1, and this conflicts with the relation (17.5). 
Hence G is simple. 
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18. JANKO'S CHARACTERIZATION OF G 
In his announcement “Still one more new simple group of finite order” 
Janko describes the simple group in the following way: 
G is a finite simple group. There is an involution z which lies in the 
center of a Sylow 2-subgroup of G such that the centralizer H of z in G is an 
extension of a group E of order 32 by A, . G has precisely two classes of 
involutions and is of order 604,800. The group E of order 32 is the central 
product of a quaternion group with a dihedral group of order 8. The centra- 
lizer H is a splitting extension of E by F where F s A, . Moreover F acts 
faithfully on E. 
We shall show that the involution d of (16.12) has the properties of the 
involution z described by Janko. There are exactly two conjugate classes of 
involutions in G, one containing d, the other the involution t of (17.10). 
From the character table that we see C,(d) = C(d) is of order 1920 = 32 .60. 
Here C(d) = (y, Z, t) where t is the involution of (17.10) and 
y  = (OO)(Ol, 33, 22, 10)(02, 31, 26, 30)(06, 13,24, 12)(65)(47,96)(52,57)(7 
(03, 29,04, 28, 05, 16, 25,21)(39,43, 80,95, 64, 97, 85,42) 
(07, 35, 15,08, 20, 32, 11, 17)(09, 18, 23, 36, 14, 27, 19, 34) 
(38, 90, 75, 76, 88, 40, 70, 67)(53, 81, 62, 69, 68, 59, 84, 56) 
(37, 78, 50, 89,44, 73, 41, 79)(46, 87, 66, 83, 92, 93, 55,49) 
(45, 54, 99, 86, 82, 71,91,48)(51, 61, 58, 94,72,98,63, 60 
7) 
z = (00,74, 13,06,77)(01,30,96,26,33)(02, 10,22,31,47)(12,24,52,65,57) 
(03,37, 18, 14,73)(04,49,53,69,92)(05,44,27,09,78)(16,87,40,07,89) 
(21,41,32,88,66)(25,83,68,56,46)(28,50,35,38,55)(29,93,90,20,79) 
(39,45,08,75,63)(42,60,62,81,51)(43,91,36,23,48)(64,82, 17,70,58) 
(80,98,76, 11,71)(85,61,67, 15,54)(95,94,84,59,72)(97,99,34, 19,86) 
(18.1) 
There are two orbits for C(d), the twenty letters fixed by d listed first for y  
and z and the 80 remaining. C(d) is not faithful on the 20 orbit since d is 
represented there by the identity, but the representation on the 80 orbit is 
faithful. The representation on the 80 orbit is imprimitive, consisting of 
five sets of 16 letters each. We designate these as A, B, C, D, E. On the 
80 orbit the letters of A are the first letters of the cycles of z as written in (18. l), 
and B, C, D, E the second through fifth, respectively. Hence z = (A, B, C, 
D, E) on these sets. Similarlyy = (A)(B, E)(C, D) and t = (A, E)(B)(C, D). 
Thus on these sets C(d) is homomorphic to the alternating group A, . The 
kernel of this homomorphism is the group K generated by the conjugates ofy2. 
We find (z@ = 1 and as z5 = 1, t2 = 1, the group (z, t) is isomorphic to A, 
and so C(d) splits over K. 
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I f  we write x1 = y2, X-~X,Z = x2 , ~-%~a = x3 , X-rxax = x4 , a-1~~~ = xg , 
then Z-~X~Z = x1 . Here K = (xr , x2 , x3 , x,, , xs) and 
x12 = x22 = 32 z 
(xixi+l)2 = l(XiXi,,)” = p 
2 = x52 = d 
i = 1,...; 
d2 = 1 
5 (mod 5) (18.2) 
(xlz-1)s = 1, x1x2x3x4x5 = 1. 
t 
The sets A, B, C, D, E are orbits of K on each of which K is faithfully 
represented. These relations determine the structure of K, an extra special 
2-group, completely. Thus (x1 , x3) is the quaternion group and (x2 , x1x& 
is a dihedral group of order 8 both of which have the common center (d). 
Their elements permute with each other and K is the central product of 
these two groups. The group (z) acts faihtfully on K and so also the group 
(z, t) isomorphic to the simple group A, also acts faithfully on K. Thus all 
parts of the characterization by Janko have been verified. 
19. FURTHER PROPERTIES OF THE SIMPLE GROUP 
Although they are not needed to prove the existence and uniqueness of 
the simple group G of order 604,800 several properties are of interest, which 
will be stated without giving complete proofs. 
The irrational part of the character table of Section 12 can be computed 
using the various orthogonality relations and the restriction of certain 
characters to C(T) and C(n). The notation is the same as that of Section 12. 
e I&J I&=] IIJ, PJl 17 17’ rr, 17,= IIT Ii-T 
1 10 10 10 10 5 5 5 5 15 15 
g 10 10 20 20 300 300 50 50 15 15 
70 0 0 81 82 58, 58, 0 0 -et 4, 
70 0 0 e, 4 58, 58, 0 0 -es -el 
224 0 0 1 I i - 48, 1 - 48, -2e2 -28, e, e2 
224 0 0 1 i i - 48, I - 48, -28, -28, 8, 8, 
14 8, 8, -e, -e, 38, 34 i+e,i+e, 0 0 
14 e1 8, -e, -4 30, 34 i+e2i+e, 0 0 
21 0 0 -e2 -et 3 + 8, 3 + 8, 2e1 20% 4 4 
21 0 0 -e, -ez 3 + 8, 3 + 0, 20, 24 4 4 
189 -e2 -e, -e, -en 38, 34 i+e,l+e, 0 0 
189 -el -e, -e, -e, 38, 34 i+e,i+e, 0 0 
8, = (1 + ~32 ea = (1 - d5)/2 
(19.1) 
It is not too difficult to determine the automorphism group of G. It was 
shown in Section 16 that a subgroup of order 6048 is necessarily isomorphic 
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to U,(3). In Section 17, G was represented on cosets of U,(3), giving a 
family of conjugate subgroups Gi isomorphic to U,(3). We show first that G 
has no other subgroups of order 6048. A further subgroup H of order 6048 
must move all 100 letters, and so contains one or more orbits of lengths not 
multiples of 7. But an orbit of length less than 100, not a multiple of 7, must 
be 1 or 36, and an orbit of length 36 will have the permutation character v  
as given in (16.8). Conceivably H might have orbits 36, 36, and 28. But then 
an element c of order 3 normalizing an S(7) would fix 7 of the 100 letters. 
But from (16.8) such an element necessarily fixes exactly 4 letters, a conflict. 
Hence a subgroup of order 6048 is necessarily one of the 100 stabilizers Gi . 
Thus any automorphism of G permutes the Gi among themselves and so is 
completely determined as a permutation on the 100 letters acting on G by 
conjugation. The inner automorphisms of G permute the S(7)‘s and their 
normalizers. Hence we may consider only automorphisms a! taking 
N(7) = (a, c, t) into itself. Conjugation by c and t permute a, a2, u3, a*, ~5, us 
among themselves, and so we may assume (Y-~ULX = a. Conjugation by a 
fixes a and permutes the 7 cyclic groups of order 6 in No(u) among themselves. 
Hence we may assume cr-l(c, t)(~ = (c, t) and so finally seek an 01 with 
cy-luoI = a 
a-% = t 
(~-hi = c or c-l. 
(19.2) 
As G = (a, b, t), it is sufficient to find an (Y satisfying (19.2) and also ol-% E G. 
In this way we find an outer automorphism 01 of order 2 which together with 
the inner automorphisms gives all automorphisms of G. We find 
a = (00,01)(02, 77)(03, 78)(04,72)(05,73)(06,74)(07, 75)(08, 76) 
(09)(10)(11)(12)(13)(14)(15)(16, 66)(17, 67)(18,68)(19, 69) 
(20, 70)(21, 71)(22, 65)(23, 56)(24, 57)(25, 51)(26, 52) 
(27, 53)(28, 54)(29, 55)(30)(31)(33)(34)(35)(36) 
(37, 87)(38, 88)(39, 89)(40,90)(41,91)(42,92)(43,86)(44,93) 
(45, 94)(46,95)(47, 96)(48, 97)(49,98)(50,99)(58, 80)(59, 81) 
(60, 82)(61, 83)(62,84)(63,85)(64,79). 
Besides (19.2), 01 also satisfies 
a-% = tdudbu*t (19.4) 
There are subgroups of indices 100,280, and 315, and all other subgroups 
have larger indices. The subgroup of order 6048 and index 100 gives 
#,, + z,$ + $, as a permutation character for G. A subgroup of order 2160 
and index 280 gives the permutation character I+& + #2 + #r + 4s for G. 
A subgroup of order 1920 and index 315 gives the permutation character 
4811914-6 
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~4 + A + A + (63 +~54 +As for G- A s we have already shown, there is 
a unique conjugate class of subgroups of order 6048. The normalizer of (T) 
has order 2160 and the centralizer of / has order 1920, but we have not 
checked to see whether or not there are other subgroups of these orders. 
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